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ARITHMETICALLY BUCHSBAUM DIVISORS
ON VARIETIES OF MINIMAL DEGREE

UWE NAGEL

ABSTRACT. In this paper we consider integral arithmetically Buchsbaum sub-
schemes of projective space. First we show that arithmetical Buchsbaum vari-
eties of sufficiently large degree have maximal Castelnuovo-Mumford regularity
if and only if they are divisors on a variety of minimal degree. Second we de-
termine all varieties of minimal degree and their divisor classes which contain
an integral arithmetically Buchsbaum subscheme. Third we investigate these
varieties. In particular, we compute their Hilbert function, cohomology mod-
ules and (often) their graded Betti numbers and obtain an existence result for
smooth arithmetically Buchsbaum varieties.

1. INTRODUCTION

In this paper a variety X C P” will always mean a nondegenerate integral pro-
jective subscheme over an algebraically closed field K. Let d and ¢ denote its degree
and its codimension, respectively. Then d > c¢. If d = ¢+ 1, then X is said to be a
variety of minimal degree.

It is well-known that varieties, which are contained in a variety V' of minimal
degree as subschemes of codimension one, behave often extremally with respect
to various properties. For example, they have maximal geometric genus [11]. We
consider these subschemes of codimension one as divisors on V.

Our first goal is to characterize the arithmetically Buchsbaum subschemes with
maximal Castelnuovo-Mumford regularity as divisors on a variety of minimal de-
gree. Recall that X is s-regular if H'(P", Jx(s —i)) = 0 for all i > 1. The
Castelnuovo-Mumford regularity reg X is the least such integer s. The interest in
this concept stems partly from the fact that X is s-regular if and only if for every
7 > 0 the minimal generators of the j-th syzygy module of the homogeneous ideal
I(X) of X occur in degree < s + j. In particular, we have m(X) < reg X where
m(X) denotes the maximal degree of a minimal generator of I(X). In general, it is
rather difficult to prove good upper bounds for m(X) and reg X in terms of simple
invariants of X. However, if X is arithmetically Cohen-Macaulay the problem is
much better understood thanks to recent investigations (cf., for example, [25], [26],
[21], [17]). If a, b are positive integers, let [%]| denote the smallest integer > %. A
starting point for this paper is the following result.
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Theorem 1.1. If X is an arithmetically Cohen-Macaulay variety, then

(a) reg X < {d; 1} +1.

o) mx) < 4],

(c) Suppose char(K) =0 orc>5. Ifd > (c+ 1)?, then the following conditions
are equivalent:

(i) reg X = {d;cﬂ +1.

i) m(x) = %]

c
(iii) X s a divisor on a variety of minimal degree.

In case char(K) = 0 the result has been proved in [26]. The general case is due
to [17].

Since smooth rational curves with a (d—c+1)-secant have Castelnuovo-Mumford
regularity d — ¢+ 1 (cf. [9]) one cannot hope for a generalization of the theorem
to arbitrary varieties. One has to restrict himself to arithmetically Buchsbaum
varieties as the following result of Stiickrad and Vogel [23] indicates.

Theorem 1.2. If X is an arithmetically Buchsbaum variety, then
d—1
reg X < {—-‘ + 1.
c

This is the same bound as in Theorem 1.1. Strictly speaking it is proved in [23]
with the additional assumption that charK = 0. We show that this assumption
can be removed. Furthermore, we prove that equality in the estimate of Theorem
1.2 holds if X is a divisor on a variety of minimal degree and that the estimate can
be improved otherwise (cf. Proposition 4.3). As a consequence we obtain.

Theorem 1.3. Let X be an arithmetically Buchsbaum wvariety of degree d >
max{2c(c + 1),14}. Suppose either char(K) = 0 or ¢ > 5. Then the following
conditions are equivalent:

(a) reg X = {CZ_TW 41
o) mx) = 4]

(¢) X is a divisor on a variety of minimal degree.

Theorem 1.2 provides m(X) < regX < [%1 + 1. If we compare this esti-
mate with Theorem 1.1, one might wonder if it can be improved to m(X) < [%]
However, simple examples show that the latter estimate is not true for every arith-
metically Buchsbaum variety X. Nevertheless it is very natural to ask if it were
true provided the variety has sufficiently large degree. In order to answer this ques-
tion much more detailed information on the corresponding varieties is necessary.
According to Theorem 1.3 we have to study arithmetically Buchsbaum divisors on
a variety V of minimal degree. Recall that a variety of minimal degree is either a
rational normal scroll, a cone over a quadric hypersurface of rank > 5 or a cone
over the Veronese surface in P°. A modern exposition of this famous classification
result can be found in [6]. Using this classification it turns out that on a variety
V' of minimal degree an integral arithmetically Buchsbaum divisor, which is not
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arithmetically Cohen-Macaulay, does exist only in the case that V is a rational
normal scroll.

A rational normal scroll S C P™ of dimension k+ 1 and degree ¢ = n — k is up to
projective equivalence uniquely determined by a sequence of integers (ao, . .. ,ax)
where 0 < ag < ... < ar and ag + ... + ax = ¢ (cf. Section 5). We write S =
S(ag, ... ,ax). The divisor class group of S is freely generated by the hyperplane
section H and a linear subspace F' C S of dimension k.

A starting point of our investigations of divisors on scrolls is the following well-
known result: An integral space curve C, which is a divisor of type (a,b) on a
smooth quadric S C P2, is arithmetically Buchsbaum but not arithmetically Cohen-
Macaulay if and only if |a — b] = 2. Here S is just the scroll S(1,1). Thus this
statement is a very special case of our main result. It describes the scrolls and
divisor classes which contain arithmetically Buchsbaum varieties.

Theorem 1.4. Let X C P" be a Cohen-Macaulay variety being a divisor on a
rational surface scroll S(ag, ... ,ar). Writed =tc+1—p wherel <p<c=n—k.
Then X is arithmetically Buchsbaum but not arithmetically Cohen-Macaulay if and
only if either
X~{t(—-1)H+Q+c—p)F anda; >c—p foralli=0,... ,k or
X~@t+1D)H+(1—-c—p)F and a; > p for alli=0,... k.
Moreover, there is a smooth arithmetically Buchsbaum variety in any of these divi-
sor classes.

In particular, it turns out that a singular rational normal scroll does not contain
arithmetically Buchsbaum divisors which are not arithmetically Cohen-Macaulay.
We also compute the Hilbert function and the cohomology of the divisors mentioned
in the theorem above and obtain information on the minimal free graded resolution
of their defining ideal.

As a consequence of our considerations we conclude that there are triples (d, ¢, k)
for which there is no corresponding arithmetically Buchsbaum variety, which is not
arithmetically Cohen-Macaulay but a divisor on a scroll. This is in contrast to the
case of arithmetically Cohen-Macaulay varieties. The precise existence result is as
follows.

Theorem 1.5. Suppose we are given integers d,c,k where d > c¢,c > 2,k > 1.
Writed =tc+1—p where 1 <p <c=n—k. Then the following conditions are
equivalent:

(a) There is an arithmetically Buchsbaum variety X C Pt* of degree d, codi-
mension ¢ and dimension k being a divisor on a rational normal scroll but
not arithmetically Cohen-Macaulay.

(b) There is a smooth variety having the properties described in (a).

(¢) It holds thatlgpgk—j_l orkiﬂcgp<c.

Moreover, if 1 < p < %5, then we are able to determine all graded Betti numbers
of such an arithmetically Buchsbaum variety. In particular, it turns out that in this
case we have m(X) = [gw +1. That is, we cannot hope for an analogue of Theorem
1.1,(b) for arithmetically Buchsbaum varieties just by requiring that the degree is
large enough. However, there is a good deal of information on the varieties for
which the estimate fails.
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The paper is organized as follows. In Section 2 we compute the graded Betti
numbers of reduced arithmetically Cohen-Macaulay divisors on a variety of min-
imal degree (cf. Theorem 2.4). Moreover, we show that integral (locally) Cohen-
Macaulay divisors on a quadric of rank > 5 and on a cone over the Veronese surface
are arithmetically Cohen-Macaulay (cf. Proposition 2.9); thus we know their graded
Betti numbers. In Section 3 we show a lifting result which yields that an integral
variety must be a divisor on a variety of minimal degree if its general hyperplane
section has this property (cf. Proposition 3.3). Combined with Theorem 2.4 it im-
plies preliminary information on the cohomology modules of reduced arithmetically
Buchsbaum divisors on a variety of minimal degree (cf. Proposition 3.6). Section 4
is devoted to Castelnuovo bounds. It contains the proof of Theorem 1.3. In the
final section we put together techniques of [11] and our previous results in order to
study divisors on rational normal scrolls. First we derive necessary conditions for
the possible divisor classes which contain arithmetically Buchsbaum varieties (cf.
Lemma 5.6) and then also for the scrolls. Here, in particular the results on the
cohomology of Section 3 play a crucial role. Second we show that the necessary
conditions are also sufficient. The main result is Theorem 5.10. It covers Theorem
1.4 and contains in addition results on the cohomology and Betti numbers of the
considered varieties. Moreover, it implies Theorem 1.5 rather quickly.

For background information concerning arithmetically Buchsbaum schemes we
refer to the monograph [24]. Throughout this paper R will denote the polynomial
ring K[xg, ... ,z,] and m = (zg, ... ,z,) its maximal homogeneous ideal. Moreover
we always assume that the subscheme X C P™ has codimension ¢ > 2. This is not
a restriction of generality because the results are trivial if X has codimension 1.

2. ARITHMETICALLY COHEN-MACAULAY DIVISORS
ON A VARIETY OF MINIMAL DEGREE

A starting point for the investigations of arithmetically Buchsbaum varieties in
this paper are the corresponding results for arithmetically Cohen-Macaulay varieties
which have been obtained recently. A sample result is the following (cf. [25], [21]).

Theorem 2.1. Let X be an arithmetically Cohen-Macaulay variety. Suppose
char(K) =0 orc>5. Ifd > (c+1)2, then the following conditions are equivalent:

(a) reg X — V—Tﬂ +1.
o) m(x) = %]

(¢) X is a divisor on a variety of minimal degree.

Varieties satisfying the conditions of the theorem exist in abundance. For exam-
ple, any smooth Castelnuovo variety will do. In this section we compute the graded
Betti numbers of these varieties. Then we discuss the range of applications of this
result.

We begin by studying the resolution of a finite subscheme X C P" in linearly
general position lying on a rational normal curve where deg X > 2n. In case
deg X < 2n + 1 this has already been done in [19], Proposition 2.3.

Recall that a finite subscheme Z C P™ is said to be in linearly general position
if for any proper linear subspace N of P™ we have

deg X NN <dim N + 1.
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Proposition 2.2. Let X be a finite subscheme in linearly general position lying on
a rational normal curve of P™". Suppose deg X > 2n. Then the homogeneous ideal
of X has a minimal free graded resolution of the following form:

0—-F,—...—-F—-IX)—0
where
Fi=R(-1-)%&R(—t+1-)Y®R(—t—14) (i=1,...,n),

d=degX =tn+1—p withl<p<n

. n
o =1 . y
i+ 1

ﬂ_:{ p(ly) —n(iz) i 1<i<p,
’ 0 if p<is<n,

and

_Jo if 1<i<p,
T - i p<is<n
Proof. Since X is in linearly general position, we get by [5], Theorem 3.2 for the
Hilbert function of X that hx(j) > min{d,jn + 1} if 7 > 0. Let V be the ra-
tional normal curve containing X. Then hx(j) < hy(j) = jn+1if j > 0. It
follows hx(j) = min{d, jn + 1}. Moreover, we get for the Hilbert function of
M = I(X)/T(V)
. 0 if i<t
ha(j) = { (Gj—tin+p if i>t
In particular, we have hps(t) = p. Since M is torsion-free as R/I(V)-module [7],
Theorem 1.1 gives

[Torf (K, M)]; =0 ifj <i+t
and
(+) [Tor[ (K, M)]iss =0 ifi > p.
Let us consider the exact sequence
(*)  Torf (K, M) — Tor;'(K,I(V)) — Tor/(K,I(X)) — Torf(K, M)
— Tor® (K, I(V)).

The resolution of a rational normal curve is well-known. In particular, we have (cf.,
for example, [19], Lemma 2.2)

(i+1)(1,) fj=i+2and0<i<n-—2,

rank[TOTZR(KJ(V))]j = { 0 otherwise

By assumption we have t > 3. Therefore, the exact sequence (x) implies for i > 0

@it = rank[Tor? (K, I(X))];yo = rank[Tor? (K, M)]iio = (i + 1) ( Z 2)
i
and
[Torf (K, I(X))]; = [Torf (K, M)]; ifj#i+1,i+2.
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From the Hilbert function of X we see that reg X <t + 1 and therefore
[Torf (K, I[(X))]; =0 ifj>i+t+2
(cf., for example, [19], Corollary 1.4). Hence, we obtain
[Torf(K,M)]; =0 ifj#i-+t,i+t+1.
Thus, the claim is shown if we have computed

Bir1 = rank[Tor (K, I(X))]iy+ = rank[Tor®(K, M)];y; and

Yip1 = rank[Tor? (K, I(X))]iter1 = rank[Tor? (K, M))ijt41.

To this end we want to use Hilbert series. Let @ be a finitely generated graded
R-module and let Z be an indeterminate. Let us denote the Hilbert function of @
by hq. Then the Hilbert series of @ is defined as H(Q, Z) =} ;5 ho ()27,

Let h : Z — Z be a numerical function. The first difference function Ah is
defined by Ah(j) = h(j) — h(j — 1). For a non-negative integer s we define A®*h by
A°h = h and A*h = A(A*71h) if s > 0.

If @Q is a module of dimension 7, then it is well-known and easy to see that
ijo Ath(j)Zj

-2y

where the sum in the numerator is in fact finite. Hence, the Hilbert series of R(—e)®

H(Q,2) =

is %.
Let us come back to the computation of the Betti numbers of M. We already
know that M has a minimal free graded resolution of the form

0—R(—t—n)"®R(-t—n+1)° - ... > R(—t—1)" ® R(—t)" - M — 0.
Thus, using the additivity of rankyx on exact sequences we get
o (1B — 50) 2t

(1—Z)ntt

where we define 3,41 = 79 = 0. Due to the result above on the Hilbert function of
M we obtain

H(M,Z) =

Y20 A% (G)  pZt+ (n—p)tt!

HOM.2) == —Zp = (1-27
It follows
n+1
S (1B = v-0) 2 = (pZ2' + (n—p) 2T (1 - Z)"
j=1

Comparing coeflicients gives

6 =0 =0 () ) a7 )

and thus

n n—1 .
6j—7j_1:p<j—1>_n<j—2> forj=1,... ,n+1.
By (4) we know that 8; =0 if j > p + 1. If follows

n—1 n . .
vi=n| . —pl . ifp<j<n.
J—1 J



ARITHMETICALLY BUCHSBAUM DIVISORS 4387

In particular, we get 7, = 0. Since M is Cohen-Macaulay this implies y; = ... =
vp—1 = 0. Hence, we obtain §; = p(jfl) — n(’;:Ql) if 1 < j < p and the proof is
completed. O

Remark 2.3. (i) An alternative way to obtain the graded Betti numbers of divisors
on a rational curve is indicated in the exercises A2.21 and A3.30 of [3]. It applies
to arithmetically Cohen-Macaulay divisors on a rational normal scroll. We have
chosen the approach described in the proof above in order to introduce the method
which also applies to arithmetically Buchsbaum divisors (cf. Theorem 5.10).

(ii) Still another approach to Proposition 2.2 is due to Lvovski. But his method
gives the result only if 1 < p < 3 (cf. [15], Propositions 6.1, 6.2 and 6.4).

Using hyperplane sections we can extend our last result in order to treat higher-
dimensional subschemes.

Theorem 2.4. Let X C P" be a reduced arithmetically Cohen-Macaulay subscheme
of degree d > ¢ = codim X . Suppose X is a divisor on a variety of minimal degree.
Then the minimal free resolution of the homogeneous coordinate ring A of X has
the following shape:

0—-F.—..-F—>R—A—0
where

Fi=R(-1-)*®R(—t+1—i)" @ R(—t—i)" (i=1,...,¢),

d=tc+1—p withl<p<c

. &
o; =10 . s
i+ 1

B = p(ifl)_c(zc':;) if 1<i<p,
' 0 if p<i<c,

and

J0 if 1<i<p,

Tl e i peis<e
Proof. Let L. C P™ be a general linear subspace of dimension cand let Y = XNL..
Since X is arithmetically Cohen-Macaulay, the graded Betti numbers of X C P”
are the same as those of Y C L. = P¢. Moreover, Y is a reduced zero-dimensional
subscheme lying on a rational normal curve. Hence, Y is in linearly general position
due to Bezout’s theorem and Proposition 2.2 gives the claim if d > 2¢. If c+1 <
d < 2¢, the claim says rank[Tor! (K, A)];41 = o; + ;. Hence the assertion follows
by [19], Proposition 2.3 and some manipulation of the formulas given there. O

We want to point out two applications of the theorem. Recall that the geometric
genus py(X) of a variety X C P" satisfies

PalX) = (n o 1>C+ (RJEC)E

where N and ¢ are defined by d — 1 = Nc¢ + € whereby 0 < e < ¢. This estimation
has been shown by Harris [11] in characteristic zero and by Ballico [1] in positive
characteristic. If d = deg X > (n — ¢)c + 2 and the geometric genus of X achieves
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the bound, then X is called a Castelnuovo variety. We have just computed the
graded Betti numbers of smooth Castelnuovo varieties.

Corollary 2.5. Let X C P" be a smooth Castelnuovo variety. Then the resolution
of X if of the form as described in Theorem 2.J.

Proof. Theorem 2.4 applies to X by [17], Theorem 4.5. O

Another consequence of our theorem is that in case X is a reduced subscheme
being a divisor on a variety of minimal degree we can decide whether X is arith-

metically Cohen-Macaulay if we just know the degrees of the defining equations of
X.

Corollary 2.6. Let X C P" be a reduced subscheme of positive dimension and of

degree d > c¢. Writed =tc+ 1 —p where 1 < p < ¢. Suppose X is a divisor on a

variety of minimal degree. Then X is arithmetically Cohen-Macaulay if and only if
c(c—1)

its homogeneous ideal is generated by === quadrics and p forms of degree t and

is generated by @ + p quadrics if t = 2, respectively.

Proof. If X is arithmetically Cohen-Macaulay, the claim is shown in Theorem 2.4.
In order to prove the converse let us assume that f = depth A < k = dim X where
A is the homogeneous coordinate ring of X. We have to show that I(X) has a
different set of minimal generators as the one described in the statement.

Let Ly C ... C Ly C Lo =P" be a flag of general linear subspaces where L; has
dimension n—j and is defined by linear forms Iy, ... ,l;. Put RU) = R/(ly,... )R
and X; = XN L;for j =0,...,k Let AW = RW /I(X;) be the homogeneous
coordinate ring of X; C L;. Since A has depth f, the Betti numbers of A and
AU coincide. In particular, we have

Torf(K, (X)) = Torfl " (K, 1(X;_1)).

Moreover, AV~ must have depth 1, i.e. HL(AU=1) #£ 0. Consider the exact

sequence
b 0— HO(AU=D /1, AU=D) gl (AU=Dy Yy glaU-ny

Since H,L(A(f ~1)) is finitely generated, Nakayama’s lemma provides
HT?l(A(f‘l)/lfA(f_l)) £ 0.
Let a = a(HO(AY =V /1; AU~D)). Using
Ho (A=Y /1, AY=D) = 1(X ) /(1(X p-1) + 1 RYY)
we obtain
(F=1) (f=1) _

[Torg” (K, I(X5-1))]; [Torg™ (K, I(Xg-1) + [;RY=D)];

Tor" (K, 1(X;))]; ifj<a

1

1%

and

rank[Tor™ ™ (K, I(X;_1))]a < rank[TorZ" (K, 1(X))]a.
Applying the same reasoning to Xy, ... , X;_1 we see that there is an integer b such
that

rank[Torf (K, I(X))], < rank[TorZ " (K, 1(X3))ls.
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But X} is a set of d points on a rational normal curve. Therefore, we know the
minimal free resolution of I(X}y) by Proposition 2.2. It follows that the inequality
above contradicts the assumption on the minimal generators of I(X) and we are
done. O

Remark 2.7. Let us consider the statement above in case codim X = 2. It pro-
vides: If X has even degree, then X is arithmetically Cohen-Macaulay if and only
if X is a complete intersection. If X has odd degree, then X is not a complete
intersection but a quasi-complete intersection, i.e., cut out by three hypersurfaces.

Note that as a consequence of the syzygy theorem of Evans and Griffith a smooth
variety X C P™ of codimension 2 where n > 6 is projectively normal if and only if
it is a complete intersection [8], Theorem 2.3.

According to [6] a variety V' C P™ of minimal degree is either a rational normal
scroll, a quadric of rank > 5 or a cone over the Veronese surface W C P°. Hereby the
Veronese surface is considered as a cone over itself. We want to show that smooth
integral non-arithmetically divisors on V exist only if V' is a rational normal scroll.
To this end we recall the following result of Huneke and Ulrich [14].

Lemma 2.8. Let X C P" be a Cohen-Macaulay subscheme of pure dimension > 2.
Then the general hyperplane section of X is arithmetically Cohen-Macaulay if and
only if X is arithmetically Cohen-Macaulay.

This result is used to show

Proposition 2.9. Let X C P" be subscheme that is either

(i) an integral divisor on a quadric Q of rank >5  or
(ii) a Cohen-Macaulay divisor on a cone over the Veronese surface W C P5.

Then X s arithmetically Cohen-Macaulay.

Proof. First suppose that X satisfies (i). Then the claim is a consequence of Klein’s
theorem which can be shown as follows according to Hartshorne: The divisor class
group of @Q is generated by the class of the hyperplane section of @ (cf. [13], Ex.
I1.6.5). Therefore the homogeneous coordinate ring B of @ is a factorial domain (cf.
[13], Ex. I1.6.3). Since I(X)B is a prime ideal in B, it is a principal ideal g B where
g is a form defining a hypersurface G C P". Hence X is the complete intersection
GNQ.

In order to show the claim if X satisfies (ii) we induct on the dimension of X. If
X is a curve on W, then X is arithmetically Cohen-Macaulay since W is the image
of the second Veronese map of P2 in P°. Now let X be a divisor on a cone V over
W of dimension > 1. Then the general hyperplane section X N L of X is a divisor
on the general hyperplane section of V' which is again a cone over W. Hence X N L
is arithmetically Cohen-Macaulay by induction and the claim follows by Lemma
2.8. O

3. SUBSCHEMES OF A VARIETY OF MINIMAL DEGREE

If X is an effective divisor on a variety V of minimal degree, then this is also
true for its general hyperplane section. In this section we want to show the con-
verse of this statement under the assumption that X is reduced and its degree is
not too small. Finally we give a cohomological characterization of arithmetically
Buchsbaum divisors on a variety of minimal degree which will serve as the starting
point for the more precise results proved later on.
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We need some preparations. X C P™ will denote a subscheme of degree d and
codimension ¢ which is not even assumed to be equidimensional.

Lemma 3.1. Let X be a subscheme contained in a variety V of minimal degree and
codimension ¢ — 1. If X has degree d > 2¢, then its homogeneous ideal is generated
by quadrics and forms of degree > [g] Moreover, the quadrics containing X cut
out V.

Proof. Let F' be a hypersurface of degree s containing X which does not contain
V. Then V N F is a subscheme of codimension ¢ and degree sc containing X. It
follows d < sc proving the claim. O

Let M be an R-module. Its socle soc(M) is the set of elements of M which are
annihilated by the maximal ideal m = (zg, ... ,2zp).

Lemma 3.2. Suppose that X is a nondegenerate subscheme contained in a variety
V' of minimal degree c. Let f = depth A where A= R/I(X) and put t = [%] > 2.
Then it holds

a(soc(HL(A)) >t — f 1.
Proof. Let
O—>Fn_f+1i»Fn_f—>...—>F1—>R—>A—>O

be a minimal free graded resolution of A where I; = ; R(—e; ;). First we want
to show

(*) min{e, i1} = n— f+1.

This is trivial if ¢ = 2 because by assumption I(X) does not contain a form of degree
one. Thus we may assume ¢ > 3. Next, we note that [Torf (K, I(X)/I(V))}it; is
the homology of the complex

i+1 i—1

AR © LX)/ 1(V)]j1 — NIRL @ LX)/I(V)]; — ARl @ LX)/ 1(V)]j41.

Thus we obtain
(+) [Torl (K, I(X)/I(V))]; =0 ifj<i+t—1

because we know by Lemma 3.1 that [I(X)/I(V)]; =0if j < t.
The exact sequence 0 — I(V) — I(X) — I(X)/1(V) — 0 provides the following
piece of a long exact sequence:

Tor® (K, I(V)) — Tor? |(K,I(X)) — Tor® [(K,1(X)/I(V)).

Since V is arithmetically Cohen-Macaulay, the resolution of V' has length ¢ — 2.
Hence, the left-hand side of the exact sequence above vanishes. Therefore (4)
implies [Torf (K, A)]; = [Torf | (K, 1(X))]; = 0if j < ¢+t — 2 which is equivalent
to min{e. ;j} > ¢+t —1. Since the resolution of A above was chosen to be minimal,
we get min{e,_¢y1,;} > n — f + ¢ as desired.

Now, dualizing the resolution of A above we obtain the exact sequence

*

oy - n—f41 EXt?{t_fH(AaR) — 0.



ARITHMETICALLY BUCHSBAUM DIVISORS 4391

This is the beginning of a minimal free resolution of Ext};—f *1(A,R). Thus it
follows that

Exth "THAR) @r K 2 F),_;, ® K 2D K(en—si1,5)-
J
Therefore we get the following chain of isomorphisms using duality:

soc(H}(A)) = Hompg(K, H](A))
>~ Homp(K, Homg (Extly (A, R), K))(n + 1)
K @rExtly 7T A R), K)(n +1)

@K(en—fﬂ,j)v K)(n+1)

= HOIDK

~ Hompg

(
(
o @K(—en—f-i-l,j +(n+1)).

It follows by (x) that a(soc(H%(A))) = minfe, jy1,;} —n—1>t—f—1. O
Now we are ready for a more general version of the announced “lifting” result.

Proposition 3.3. Let X C P" be a subscheme without zero-dimensional compo-
nents. Suppose that X has degree > 3c and assume that K has characteristic zero.
Then X is contained in a variety V. C P™ of minimal degree c if and only if its gen-
eral hyperplane section X N L is contained in a variety W C L = P! of minimal
degree c. In this case we have W =V N L.

Proof. Tt is clear that XNL C VNL if X C V. Thus let us assume Y = XNL C W.
Let A = R/I(X) be the homogeneous coordinate ring of X and let the hyperplane L
be defined by [ € R. If depth A > 2, then every minimal generator of I(Y) C R/IR
lifts to a minimal generator of I(X) proving the claim.

Let depth A = 1. The ring B = (A/IA)/HY.(A/lA) is the homogeneous coordi-
nate ring of Y C L. The exact sequence 0 — A(—1) SNy A/IA — 0 induces a
long exact cohomology sequence

0 — HO(A/IA) — HL(A)(-1) - HL(A) —  HL(A/IA) —....

NS
coker
/N
0 0

Since X has no zero-dimensional components, HL(A) is a finitely generated R-
module and we may apply the Socle lemma of Huneke and Ulrich [14]. Tt gives
a(HY (AJ1A)) > a(soc(coker)) > a(soc(Hy (A/1A))).
Moreover, we have H} (A/lA) = H](B). Therefore we deduce with Lemma 3.2
a(HY(AJIA) >t —1>3

because t = (@] > 4 by assumption. Since HO (A/IA) 2 I(Y)/((I(X)+IR)/IR),
we conclude that the quadrics containing Y lift to quadrics containing X. By
Lemma 3.1 the intersection of the quadrics containing Y is W. Therefore the
quadrics containing X cut out a subscheme V with VN L = W. Hence, V must be
a variety of minimal degree. |
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The assumption that the characteristic of the field K is zero was only necessary
in order to allow the application of the Socle lemma of [14] in the proof above. We
do not need this if X is arithmetically Buchsbaum.

Lemma 3.4. If we drop in Proposition 3.3 the assumption that K has characteris-
tic zero but assume in addition that X is arithmetically Buchsbaum, then the claim
of Proposition 3.3 is still true.

Proof. We use the notation of the previous proof. If X is arithmetically Buchs-
baum, then H2(A/IA) = H}(A)(—1) = coker(—1) = soc(coker(—1)). It follows
a(HQ(A/1A)) > a(soc(coker)) and now we can conclude as in the proof of Propo-
sition 3.3. (]

Now we want to analyze the cohomology of arithmetically Buchsbaum divisors
on a variety of minimal degree. At first we consider curves.

Lemma 3.5. Let X C P” be a reduced arithmetically Buchsbaum curve lying on a
surface of minimal degree. Let d = deg X =tc+1—p wherel <p<c=n-—1.
Suppose t > 2 and that X is connected if t = 2. Then it holds

1 Y < min{p,c—p} ifj=t—1,

W (Ix () < { 0 otherwise.

Proof. Let A be the homogeneous coordinate ring of X. Let [ be a general linear
form defining the hyperplane L C P". Since A is Buchsbaum, we have an exact
sequence

0 — HY(A/IA) — HL(A) (1) -5 HL(A) - HL(A/IA) — ...

o~

where the indicated multiplication map vanishes. Therefore we obtain HY (A/IA)
HL(A)(—1) and an embedding H} (A) — H}(A/IA) .
Moreover, Y = X NL is a set of d points on a rational normal curve C. It follows
for j >0
rank[HY (A/lA)]; = d — hy(j) = d — min{d, jc + 1}.

In particular, we get e(H}(A/IA)) <t — 1 and rank[H}(A/lA)]t—1 = ¢ — p. This
implies
e(HL(A) <t—1 and rank[H}(A)—1 <c—p.
Since A is Buchsbaum, we have
HY(AJ1A)(1) = HL(A) = soc(HL(A)) — soc(HL(AJIA)).
Therefore Lemma 3.2 applied to Y provides ¢t — 1 < a(H2(A/IA)). We want to
show that even t < a(H2(A/IA)) = a(H}(A)) + 1 holds.

We have H2(A/IA) = I(Y)/((I(X) + IR)/IR). Let t > 4. Then I(Y) has
minimal generators only in degree 2 and ¢ due to Proposition 2.2. It follows ¢t <
a(H2(A/1A)). If t = 2, then the connectedness of X implies [HL(A)]p = 0; thus
a(HL(A)) > 1. Let t = 3, i.e. 2c+1 < d < 3c. Suppose [[(Y)/((I(X)+IR)/IR)]> #
0. It follows that I(Y") contains a quadric which defines a quadric hypersurface @
not containing the curve C'. Therefore CNQ is a zero-dimensional scheme containing
Y. Thus we get degY < degC' N @ = 2¢ which contradicts ¢ = 3. Therefore we
have seen that in any case

a(Hy(A) >t —1.
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Using the graded isomorphism H}(A) & H!(Jx) it only remains to show that
h'(Jx(t — 1)) < p. Consider again the isomorphisms
Hy (A)(—1) = HY(A/IA) = I(Y)/((I(X) + IR)/IR).

We know that this module is concentrated in degree t. But according to Theorem 2.4
I(Y') only contains p minimal generators in degree ¢ besides the minimal generators
of I(C). This completes the proof. |

The next result shows that the cohomology of effective arithmetically Buchsbaum
divisors on a variety of minimal degree is particularly simple. It will be strengthened
later on but is needed as an ingredient to achieve this improvement.

Proposition 3.6. Let X C P" be a reduced positive-dimensional subscheme where
t = (%1 > 2. Suppose X is a divisor on a variety of minimal degree. Then
X s arithmetically Buchsbaum if and only if H(Jx(j)) = 0 if j # t —i and
1<i<dimX.

Proof. Let A = R/I(X) be the homogeneous coordinate ring of X. Then the
isomorphisms H (A) = H!(Jx) (1 < i < n) and Proposition 1.3.10 in [24] show
that the cohomological conditions above imply the Buchsbaum property of X.

In order to show the converse we induct on the dimension k of X. If X is a
curve, the claim follows by Lemma 3.5. Let £ > 1. Consider a general hyperplane
L C P™ defined by [ € R. Let B be the homogeneous coordinate ring of Y = XN L.
There is an exact sequence

0— H°(AJIA) — A/IA — B — 0.
Due to the finite length of H? (A/lA) the long exact cohomology sequence provides
HL(AJIA) = H.(B) ifi>1.
Since Y is arithmetically Buchsbaum, too, the induction hypothesis gives
(%) [Hi(AJIA)]; =0 ifj#t—diandl<i<k.

According to the Buchsbaum property of X we know that | annihilates H: (A) if
1 <4 < k. Therefore the long exact cohomology sequence induced by

0— A(—1) -5 A — A/IA — 0
splits into short exact sequences
0— Hi(A) — H.(AJIA) — HFY(A)(~1) =0, 1<i<k.

Therefore (x) proves the claim. |

4. CASTELNUOVO BOUNDS

The goal of this section is to characterize the arithmetically Buchsbaum varieties
which achieve the regularity bound of Stiickrad and Vogel [23].

The first observation shows that it is useful to consider hyperplane sections in
order to derive bounds for the regularity of an arithmetically Buchsbaum scheme.
It follows from [23], Lemma 2 (cf. also [20], Proposition 4.2).

Lemma 4.1. Let X C P" be an arithmetically Buchsbaum subscheme of positive
dimension. Let L be a general hyperplane of P™. Then it holds

reg X =reg X NL.
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We wish to use this result in the following way: Let L. C P™ be a general linear
subspace of dimension ¢ = codim X. If X is reduced, then Y = X N L. is a set of
d points in L. = P¢ and the lemma above implies reg X =regY.

Moreover, the Castelnuovo-Mumford regularity of Y is the smallest integer j
such that hy (j — 1) = degY and hy (j — 2) < degY where hy denotes the Hilbert
function of Y (cf., for example, [17], Remark 2.3). Hence, lower bounds for the
Hilbert function of Y imply upper bounds for the regularity of X.

We keep the notation just introduced throughout the rest of this section. A first
application of the strategy above yields:

Lemma 4.2. Let X C P" be an effective reduced arithmetically Buchsbaum divisor
on a variety of minimal degree c. Then

-1
regX:{d -‘—l—l.

c
Moreover, if d > ¢ and ¢ divides d — 1, then X is arithmetically Cohen-Macaulay.

Proof. Since X is a divisor on a variety of minimal degree, Y is a divisor on a
rational normal curve of L. = P¢. Hence, the Hilbert function of Y for j > 0 is

hy (j) = min{d, je+ 1}.

It follows reg X =regY = (%] + 1 proving the first claim.

Now suppose that ¢ divides d — 1. Then t = [4] = [2=1] 4 1 and from the first
claim we read off e(H!(Jx)) <t —1—i for all i. Therefore Proposition 3.6 implies
Hi(Jx)=0if 1 <i<dim X, ie., X is arithmetically Cohen-Macaulay. O

Proposition 4.3. Let X C P" be an integral arithmetically Buchsbaum scheme.
Then it holds:

(a)

-1
reng{d —‘—I—l.
c

(b) Suppose in addition ¢ > 3 and
(i) char(K)=0,d > min{3c+1,2¢+5} or
(i) ¢ > 5,d > min{6c — 7,25}.
If X is not a divisor on a variety of minimal degree, then

d
regX§ ’704-_1—‘ +1+,U

b |1 ifc+1 divides d,
WETEL=1\"0  otherwise.

Proof. Applying the strategy described above we have to look at the Hilbert func-
tion of Y. According to [1], Theorem 0.1 it satisfies for j > 0
hy (j) > min{d, je+ 1}.

This implies the first claim.
The second claim is a consequence of the following estimation if j > 0:

hﬂﬁ>{mm¢m+n}ﬁj¢;f4,

d—1 it j=-5 -1
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In order to see this note that ¥ does not lie on a rational normal curve due to
Lemma 3.4. Thus the inequality above follows as in the proof of [17], Proposition
4.2 because in case of char(K) = 0 the Uniform position lemma in [10] and [12],
Proposition 3.20 apply. O

Claim (a) of the proposition above under the additional assumption char(K) = 0
is one of the main results of [23]. Claim (b) is new.

In the second claim of the statement above the case ¢ = 2 was excluded because
then we have a weaker bound only.

Lemma 4.4. Let X C P be an integral arithmetically Buchsbaum scheme of codi-
mension 2 which is not a divisor on a variety of minimal degree. Suppose that the
field K has characteristic zero. Then

2d—1
reg X < { d5 —‘—Fl.

In particular, reg X < [452] if d > 10 and reg X < [2] if d > 15.

Proof. As before we get by Lemma 3.4 that Y C P2 is not contained in a rational
normal curve, that is, Y is not contained in a quadric. Thus hy (2) = 6. According
to Harris’s Uniform position lemma [10] Y is in uniform position. Therefore [12],
Corollary 3.5 implies

, min{d, 3j + 1} if j is even,
hY(]) = . 5/ - e .
min{d, 5(j —1) +3} if j is odd.
The assertions follow. O

Now it is easy to characterize the extremal varieties.

Theorem 4.5. Let X C P" be an integral arithmetically Buchsbaum subscheme of
degree d > max{2c(c + 1),15}. Suppose either char(K) = 0 or ¢ > 5. Then the
following conditions are equivalent:

(a) reg X = {d_ 1-‘ + 1.
c
d
(b) m(X) > {—-‘
c
(¢) X is a divisor on a variety of minimal degree.

Proof. The assumption on the degree d of X ensures that we may apply Proposition
4.3 and Lemma 4.4. Since

{L—‘ +1l4+p< [g—‘ if d > 2¢(c+1),

c+1
these results show that (a) as well as (b) implies (c). The converse is furnished by
Lemma 4.2 and Lemma 3.1. |

Remark 4.6. (i) The equivalence of (a) and (c) in the theorem above holds already
true under the slightly weaker hypothesis d > (¢ + 1)2. This follows from the
estimate

d d—1 . 2
’VC_F—I-‘+/L<’VT-‘ ifd>(c+1)°.
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(ii) By inspection of

{é-‘ <m(X)<regX = [E-‘ +1
c c
we may conclude that our last theorem allows at most two possibilities for m(X).
If we compare the statement with Theorem 2.1, the question arises if it is possible
to replace condition (b) in Theorem 4.5 by m(X) = [2]. An answer will be given
in the next section. It requires a detailed study of the varieties to which Theorem
4.5 applies.

5. ARITHMETICALLY BUCHSBAUM DIVISORS ON RATIONAL NORMAL SCROLLS

The aim of this section is to derive a characterization of reduced arithmetically
Buchsbaum subschemes which are divisors on a rational normal scroll. We also
establish an existence result for these effective divisors and compute their Hilbert
function, cohomology and often all graded Betti numbers.

First we give a description of scrolls following [5] and [11]. Let £ = @fzo Op1(a;)
be a vector bundle on P! where 0 < ag < ... < a; and a, > 0. £ is generated by
k414> a; global sections. Write P(£) for the projectivized vector bundle

P(£) = ProjSym £ - P!
and let Op(¢)(1) be the tautological line bundle. Then Op(g)(1) is generated by its
global sections and defines a birational map
P(£) — Pr+Xas,

We write S(E) or S(ag, ... ,ai) for the image of this map. It is a variety of dimension
k + 1 and minimal degree ¢ = )" a;. A rational normal scroll is one of the varieties
S(&). The divisor class group of S = S(€) is generated by the hyperplane section
H and a linear subspace F' C S of dimension k.

We will use the notation just introduced throughout the whole section. We need
several technical results.

Lemma 5.1. (a) The canonical class of S is
Ks~—(k+1)H + (c—2)F.

(b) For any integers a,b we have

0 ifa<O0,

0 —
(S, Os(al +bF) = O s 0 o max{0, joao + ... + jwax + b+ 1} ifa > 0.
Ji=20

(c) If a and b are non-negative then

1O(S, O(aH + bF)) = c(‘l‘ﬂj) - 1)(“ z ’“)

Proof. Claim (a) is the lemma on page 55 in [11].
According to [11] or [6]

ho(S, Os(aH + bF)) = h°(P!, Sym, () @ Op: (b))
which proves (b).
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Now suppose that a > 0 and b > 0. Then
hO(S, Og(aH + bF)) = > (oao+ ...+ jrar +b+1).

Jot+...+jr=a
Ji20
Denote by ng41(t) the number of (k4 1)-tuples (jo, . - . , jx) of non-negative integers
with jo+...4jk = t. Then it is easy to see by induction on k that ng41(t) = (tzk)
Moreover, we observe that the sum above does not change if we replace an a; > 0

by a; —1 and an a; (j # %) by a; + 1. Using ¢ = ap + ... + a it follows
hO(S,0s(aH +bF)) = mea(a)b+1)+ > joc

Jot-.+ix=a
= (b+ 1)(“Zk> + iojocnk(a,—jo)
— (b+1)(azk> +c§:0(a,—j)<j+l;_1)
- (b+1)(azk>+c(‘;j::)

where the formula needed to prove the last equality is easily shown by induction
on a. O

The third claim of the lemma above shows in particular that the cohomology
of effective divisors on S = S(ay,... ,ar) depends only on its class and the degree
and dimension of S and does not depend on the specific a;’s.

For later purpose we recall the following result of Serre [22].

Lemma 5.2. Let Z C P™ be a projective subscheme. Then it holds for all integers
J
dim Z+1
hz(§) —pz(G) = >, (1)1 (Tz(5)).
i=1
Next we want to use Proposition 3.6 in order to derive a characterization of
arithmetically Buchsbaum divisors which allows induction on the dimension.

Lemma 5.3. Let X C P" be an effective reduced divisor on a variety of mini-
mal degree. Suppose k = dimX > 1 and d = degX > ¢ =n—k. Then X is
arithmetically Buchsbaum if and only if
(a) X is (locally) Cohen-Macaulay and
(b) the general hyperplane section of X is arithmetically Buchsbaum and
(©) hx(j) = px () = (D" (Ix(5) if j =t and if j = t — k — 1 where
t=[4].

c

Proof. Suppose X is arithmetically Buchsbaum. Then it is well-known that X
satisfies (a) and (b). It remains to show (c¢). Due to Lemma 5.2 we have

k

hx () = px (§) + (=DFR (Tx (7)) = D (=1 B (Tx (7).

=1
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According to Proposition 3.6 we already know that H!(Jx) is concentrated in
degree t — i if 1 <1 < k. Hence, the right-hand side of the equality above vanishes
ifj=torj=t—k—1 proving (c).

In order to show the sufficiency of the conditions (a)—(c) consider a general
hyperplane L. We have exact sequences

H'(Ix(j 1)) = H'(Ix(j)) = H(TxnL(j)) (21,5 €Z).
Due to (b) we may apply Proposition 3.6 and obtain that H:(Jxnr) is concentrated
in degreet—iif 1 < i < k—1. Since X is Cohen-Macaulay, we get that H*(Tx (j)) =
0 for all j < 0 if ¢ < k. Therefore the exact sequences above imply

a(HA(Jx)) > a(HA(TxnL)) >t —i ifl1<i<k.

Hence, we obtain by condition (c¢) and Lemma 5.2

0=hx(t—k—1)—px(t—k—1)4+ (=) YTt -k —1))

= (-DFn*(gx(t -k -1)).
That’s why the exact sequences
0 — H" Y (Ixnr(j) — H(Ix(j — 1)) — H*(Ix (7))

imply a(H¥(Jx)) >t — k because a(H*~*(Jxn1)) >t — k + 1 by Proposition 3.6.

Thus we have shown that a(H!(Jx)) >t —i if 1 <4 < k. On the other hand
Lemma 4.2 provides e(H!(Jx)) < e(H:" Y (JIxnL)) <t —i+ 1 for all i > 2.

This implies that Hi(JX) is concentrated in degree t — i if 2 < ¢ < k and
e(HFY(Jx)) <t—k+1. Using condition (c) with j =t it follows H(Jx(t)) = 0.
Hence X is t-regular and we get that also H!(Jx) is concentrated in degree t — 1.
Therefore Proposition 3.6 shows that X is arithmetically Buchsbaum. O

In order to derive necessary conditions for the property of being an arithmetically
Buchsbaum divisor on a rational normal scroll we need some more preparations.

Lemma 5.4. Let V' C P™ be a variety of minimal degree c. Let k+1=n+1—c
denote the dimension of V. Then
(a) pv(5) = c (1) + () for all j € Z;

0 ifj <0,
pv(i) fj=z-k+1;
0 ifj>—k+1,
c) W27, z{ N
D IID = i) <o
In particular, we have e(HF2(Jy)) = —k.

o) mti) = {

Proof. Claims (a) and (b) are probably well-known. In any case they follow easily
by induction on k using the fact that V' is arithmetically Cohen-Macaulay. This
property also implies by Lemma 5.2 hy () — py(4) = (—=1)*R¥T2(J(j)) proving
(c). O

From now on we will always assume that S C P" is a rational normal scroll of
dimension k + 1 where 2 < k+1 < n.

Lemma 5.5. Let X C P™ be a reduced Cohen-Macaulay subscheme of codimension
¢ being a divisor on a rational normal scroll S. Then
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(a) hx(j) = hs(j) — h°(S,0s(=X +jH)) for all j € Z,
(b) px(j) =ps(j) + (—1)*A* (S, 05(—X + jH)) for all j <0,

(c) WH(TIx(5)) = WS, Os(=X +jH)) — h*2(Ts(j))  for all j € Z.
Proof. Consider the exact sequence
0— Js(j) = Ix(j) = Os(—X +jH) — 0.

Since S is arithmetically Cohen-Macaulay, the induced long exact cohomology se-
quence yields exact sequences

0 — H(Js(4)) — H(Ix(5)) — H*(S,0s(=X + jH)) = 0
and
0— H"N(Jx(j)) = H"™(S,05(=X + jH)) — H*?(Ts(j)) — 0

proving (a) and (c).
The assumptions on X imply h*(Jx (j)) = 0 for all j < 0if 0 < i < k. Hence,
Lemma 5.2 provides

—px(j) = (DRI (7)) for all j < 0.
Thus, claim (b) follows using (c) and Lemma 5.4, (c). O

Suppose for the time being that X is a curve. Then we denote by gx its arith-
metic genus. We define

m(d,n) = c—pt—1)

where as before d = tc+ 1 —p with 1 < p <e¢=mn—1. Note that 7(d,n) is the
maximal genus of an integral curve in P" of degree d (cf., for example, [12]).

The next result sorts out the divisor classes on a rational normal scroll which we
have to study more carefully.

t(t—1)
2

Lemma 5.6. Let X C P be a reduced curve lying on a rational normal surface.
Let X ~ aH 4+ BF. If X is arithmetically Buchsbaum, then

a=t+1 andl—%cgﬁg—c or

a=tandl—c< <0 or

a=t—-1 and1§ﬁ§g+1 where t = {%1
Moreover, X is arithmetically Cohen-Macaulay if and only if X ~ tH + BF where
1-c<pB<0o0r X~ (t—1)H+F.

Proof. (I) We claim: If X is arithmetically Buchsbaum, then
w(d,n) —gx = rankHj(JX).
In order to see this we note that the general hyperplane section Z of X lies on a
rational normal curve. It follows m(d,n) = >_,5,(d — hz(j)). Hence, the claim is a
consequence of the equality () in the proof of Theorem 6 in [21].
(IT) Next, we want to show that the arithmetic genus of X is

gx =2 et w1,
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We distinguish two cases. First assume 3 < 0. Then we get by Lemma 5.1
(S, Os(=X +jH)) = h(8,05((j — )H — BF))

c(j_g—’—l)—l—(l—ﬂ)(j_?—’—l) ifj > a.

Since the last expression is a polynomial in j, Lemma 5.5,(a) implies
j—a+1

peti) = psi)—e(’ 75T a-mu-as)

oo~

= (ac+f)j+1-|—

c+ (a—=1)(B— 1)}
proving the claim.
Suppose now 3 > 0. Then Serre duality and Lemma 5.1 provide
h*(S,0s(—=X + jH)) h(S,05(Ks + X — jH))
(S, Os((a =2 = )H + (B + c = 2)F))

= c(a_;_j>+(ﬂ+c—1)<a_11_j> ifj<o—2.

The last expression is a polynomial in j. Hence Lemma 5.5,(b) gives

peli) = ps)—e(* 7)) < (re-na—s-1
ala —

1
et (a=1)(5- 1)

= (ac+p)j+1—]

completing step (II).
(IIT) Since d =tc+1—p=ac+ [, we may write « =t —sand B =sc+1—p
for some integer s. Then we get

w(d,n) —gx = s <S+1c—p).

2
According to step (I) and Proposition 3.6 this implies

1
s <S‘; c—p) = rank HY(Jx) = hX(Tx (t — 1)).
It follows: If s < —1, then h'(Jx(t — 1)) > p contradicting Lemma 3.5. If s > 1,
then h'(Jx(t — 1)) > ¢ — p contradicting Lemma 3.5, too. If s = —1, then Lemma
3.5 yields p < min{p,c — p}; thus 1 < p < §. If s = 1, then Lemma 3.5 yields
¢ —p < min{p,c — p}; thus § < p < ¢. Moreover, we see that H!(Jx) = 0 if and

only if s =0 or s =1 and p = ¢ completing the proof. O

Remark 5.7. If X and S are smooth, then the claim of step (II) follows also by
the Adjunction formula.

According to Lemma 5.6 and Lemma 5.3 we have two possibilities for finding
arithmetically Buchsbaum divisors on a scroll which are not arithmetically Cohen-
Macaulay. We treat them separately.

Lemma 5.8. Let X C P" be a reduced Cohen-Macaulay subscheme being a divisor
on a rational normal scroll S = S(ag, ... ,ar). Suppose d > c and X ~ (t —1)H +
(1+c—p)F. Then X is arithmetically Buchsbaum if and only if a; > ¢ —p for all
1=0,...,k.
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In this case

(kG [kl k+j k1t

N ohs(h) i<t
hxd) = { pi(j) ifj >t

i) = px (i) + (-0 ) = { 570 TSR

Proof. In order to show the first claim we induct on the dimension k of X by
applying Lemma 5.3. Condition (a) in that lemma is satisfied by assumption.

Consider a general hyperplane L of P™. Then X N L is a divisor on the rational
normal scroll S = SN L and the divisors H and F restrict to corresponding divisors
H'’ and F” respectively on S’. Since condition (b) in Lemma 5.3 is trivially satisfied
if X is a curve, Lemma 5.3 implies by induction that X is arithmetically Buchsbaum
if and only if

(%) hx () = px(§) = (=) M (Tx (7))
ifj=tandif j=t—Fk—1.
In order to check this we compute first using duality and Lemma 5.1
RS, Os(—X + jH)) R°(S,0s(Ks + X — jH))
hO(S,0s((t —k —2 —)H + (2c —p — 1)F))
{ 0 ifj>t—k—1,

() + @e—p)(TE) ifj<t—k-2

Hence, Lemma 5.5, (b) provides

ps(i) + (-1)* [C(t;;j) " (C_m(t_z_jﬂ
pdﬁ_ﬁ<k+1—t+j)+%C_m<k+1;t+j)

px(j)

k+1

Thus the second claim follows by Lemma 5.4. Moreover, we obtain using Lemma
5.5 and Lemma 5.4

, . 0 ifj>—k+1
Bl = KWFYS, 05(—X +iH { Lonle ’
(Tx (4)) (8 0s(=X+JH) + 1 (L1yepg() ifj < —k

0 ifj>t—k—1,
— () e—-p(TF) i —k+1<j<t—k-2,
(—=1)*px (j) ifj< -k

Thus we have
hx(t—k—1) = hg(t—k—1) by Lemma 5.5, (a) and Lemma 5.1
= ps(t—k—1) by Lemma 5.4 because t > 2

and px (t —k —1) = ps(t —k — 1), A¥1(Jx(t —k — 1)) = 0. Hence, (x) is satisfied
it —k—1.
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Using the computations above, Lemma 5.5 and Lemma 5.4 we see that for j =t
(*) reads as

0= hx(t) = px(t) + (=1)"h*(Tx (7))
= —ho(S,0g(=X +tH)) +c— (c—p)(k +1)
= —h(S,05(H+ (p — c— 1)F)) — ke + (k + 1)c.

According to Lemma 5.1 we obtain

hO(S,Os(H+(p—C—1)F)) = Z max{O,p—c—I—joao—i—...jkak}
Jo+...+jr=1
k
= Zmax{o,p —c+a;}
1=0

k
> Zp—c—l—ai:(k—l—l)(p—c)—kc
=0

where equality holds if and only if max{0,p—c+a;} = p—c+a; for all i. Therefore

(*) is satisfied in case j =t if and only if a; > ¢ —p for all i = 0, ... , k proving the
first claim.
In this case we get
hO(S,0s(=X +jH)) = h%S,0s((j —t+1)H + (p—c—1)F))
_ 0 ‘ ‘ if j <t
= C(k-l—]i;llf-i-j) + (p _ C) (k-l—l;t-l—]) lfj >t

as in the proof of Lemma 5.1. The difficulty p — ¢ — 1 < 0 does not matter because
a; > ¢— p ensures that max{0,p—c+ joao + ...+ jrar} =p—c+joao+. ..+ jrag
if jo+...+jr >0.

Hence, the computations above and Lemma 5.5, (a) provide our third claim and

hx (§) — px (§) + (1)1 (Tx (5))
[T+ oo () ift—k-1<j<t-1,
0 otherwise.

The last claim follows. O

Lemma 5.9. Let X C P" be a reduced Cohen-Macaulay subscheme being a divisor
on a rational normal scroll S = S(ag, ... ,ax). Suppose d > c and X ~ (t+1)H +
(1 —c—p)F. Then X is arithmetically Buchsbaum if and only if a; > p for all
i=0,... k.

In this case

() = k+3\ k—t+j)+ k+j)_ E—t—1+3
PXI=N e 41) 7N k41 k p k :

hx(j):{

(—D)Fp ifj=t—Fk,
0 otherwise.

hx(G) — px(i) + (“LFRE (T () = {
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Proof. As in the proof of Lemma 5.8 we see that X is arithmetically Buchsbaum
if and only if the condition (*) given in the proof of Lemma 5.8 holds true if j = ¢
and if j =t — k — 1. In order to check this we compute using Lemma 5.1

h(S,0s(-X +jH)) = h%S,0s((j—t—1)H + (c+p—1)F))
B { 0 ‘ if j <t,
— LT e () >

Then Lemma 5.5, (a) gives

hx(j) = { hs(j) — C(j;rgk) _p(j—t7€1+k) ifj >t

px(j)=ps(j)—0(j;f;k) _p(j—t;l—i—k)

proving the second and third claim.

Due to Lemma 5.1 and Lemma 5.5, (c) we obtain h¥T1(Jx(¢t)) = 0. Hence,
condition (%) given in the proof of Lemma 5.8 is satisfied if j = ¢. Using the
computations above and Lemma 5.5 and Lemma 5.4 this condition (x) reads for
j=t—k—1as

It follows

0=hx(t—k—1)—px(t—Fk—1)+ (—D)*F 1 (Tx(t — k1))
= (=D)*[—c+plk+1)+ (S, Os(—X + (t —k — 1)H))
— FA(Ix(t =k —1))]
(=1)*[h°(S,05(Ks + X — (t —k —1)H)) — c+ p(k + 1)]
(—1)*[RO(S, 0s(H — (p+ 1)F)) — (¢ — p(k +1))].

Lemma 5.1 yields

hO(S,0s(H — (p+1)F)) = > max{0,—p+joao + .. + jrax}
Goteetir=1

k
= Z max{0,a; — p}
i=0

k
> Zai—pZC—p(k‘f’l)
i=0

where equality holds if and only if max{0,p — ¢+ a;} = a; — p for all i. Hence, (x)
is satisfied in case j =t —k — 1 if and only if a; > p for all i =0, ... , k proving the
first claim.

Under this assumption we obtain as in the proof of Lemma 5.8

RS, O0s(=X + jH)) = KOS, 0s((t—k—5)H — (p+ 1)F))
_ {0 _ Cifj>t—k,
ol e -p() ifi<t—k-L
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Hence, the assumptions above and Lemma 5.5, (c) provide

hx (§) = px (4) + (1) RFH(Tx ()

:{ (i) +p("TRY) it —k<j<t-1,

0 otherwise.

The last claim follows. O

The main difference in the proofs of the previous two results occurs in the com-
putation of the Hilbert polynomial of X. It was crucial to keep the calculations
independent of the numbers a;, specifying our scroll S, as long as possible.

Now we are ready to prove the main result of this paper.

Theorem 5.10. Let X C P" be a reduced Cohen-Macaulay subscheme of dimen-
sion k =n —c > 0 and of degree d > c¢. Writed =tc+1—p where 1 < p < c.
Suppose X is a divisor on a rational normal scroll S = S(ao, ... ,ar). Then

(a)
(b)

X s arithmetically Cohen-Macaulay if and only if X ~ tH + (1 — p)F or
X ~ (t —1)H + F provided c divides d — 1.
X is arithmetically Buchsbaum but not arithmetically Cohen-Macaulay if and
only if either
i) X~(t+1)H+(Q—c—p)F anda; >p foralli=0,...,k or
(i) X~(t—-1)H+(Q+c—p)Fanda; >c—p>1foralli=0,... k.
Moreover, there is a smooth arithmetically Buchsbaum variety in any of these
divisor classes.

Furthermore, in case (i)

i ~ | KP(=t+k) ifi=k,
H*(jX):{ 0 if1<i<k,

and the homogeneous coordinate ring of X has a minimal free graded resolu-
tion of the following form:

0—Fey1—...>F1 —>R—R/I(X)—0
where

Fy=R(-1-)%@R(—t—i)" (i=1,...,c+1)

o —i c . c—1 n c
=0 y Vi = i—1 pi—l'

In case (ii) we obtain

and

o K=t 1) ifi=1,
H*(JX):{O if2<i<kh

and the minimal free resolution of X is of the form
0—-F,—...—-F—>R—->R/I[(X)—0
where

Fi=R(-1-)%@®R(—t+1—-)%®R(—t—14)" (i=1,...,n)

. &
o; =10 . s
i+ 1

and
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_Je=(k+(c—p) fi=1,
51_{0 ifi>c—(k+1)(c—p),

{ =) [() = (£)] —e(7) e (k+1)(e-p)<i<e,

(c—p)(”“) ifc<i<mn,

and

Yi — Bit1 = (¢ —p) K:L:ll) - <Zj1>} —C(C;1> if i > 1.

Proof. Let X ~ aH + SF. Denote the general (n — k + 1)-section of X, H, F., S by
X', H',F" and 5’, respectively. Then X' is a divisor on the surface scroll S’ and
X' ~ aH'+ BF'. Therefore (a) follows by Lemma 5.6 and Lemma 2.8 and the first
claim in (b) is a consequence of Lemma 5.6, Lemma 5.8 and Lemma 5.9.

In order to show the existence claim we follow Harris [11], p. 60. If we let
Yo, ..., Yx be the homogeneous coordinates on each fibre of § = P(€) — Opi(a;),
then a section o of |aH + F| is given by a polynomial

_ E Jo Jk
g = Uj07~~~,jk(Z)YO Yk
jo+..+ir=a

where o, . j, € H'(P', Op1 (joao + ...+ jrar + (3)). In our situation we may write
a=t—sand f§ =1—p+ sc where s € {1,—1}. The assumptions ensure that
Joao+. ..+jrar+0 > 0if jo+...+jr = a. Hence, for any multi-index J = jo, ..., jk
the value of the corresponding coeflicient function o ; may be prescribed at any given
value z. Therefore the linear system |«H + SF| cuts out the subsystem |Opx ()]
on each k-plane P(E), of S = P(£). Thus |aH + BF| has no base points and the
generic element of |«H + SF| will be smooth and irreducible.

Next, we want to compute the cohomology. In the first case we get by combining
Lemma 5.2 and Lemma 5.9 that

k . B
Z(_l)lhz(jX(])) = { é_l)kp lf] =t—k,

— otherwise.
im

Therefore, the claim is a consequence of Proposition 3.6. In the second case the
assertion on the cohomology follows similarly using Lemma 5.8.

In order to get information on the graded Betti numbers of X we use the method
developed in the proof of Proposition 2.2. The claims on the length of the resolution
follow by the Auslander-Buchsbaum formula and the cohomological characteriza-
tion of depth. Now put M = I(X)/I(S) and consider the exact sequence

Torf (K, M) — Tor/ (K, I(S)) — Torf(K,1(X)) — Tor/ (K, M)
— Torf (K, ().
According to Lemma 5.8 and Lemma 5.9 we have a(M) > t; thus a(Tor (K, M)) >

t+1. Since Tory (K, I(S)) = K(—i—2)®-1 (cf., for example, [19], Lemma 2.2) the
exact sequence above implies

Tor] (K, R/I(X)) = K(—i —1)* @ Tor, | (K, M) (i >0).
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Let X ~ (t+1)H + (1 — ¢— p)F. Then we know reg X = ¢+ 1 by Lemma 4.2 and
a(M) > t+1 by Lemma 5.9. Hence, M has a minimal resolution of the form

0— R(—t—n)lt - ... > R(-t—1)" - M — 0.
Thus the Hilbert series of M is
S (—1)H gt

H(M,Z) = j:1(1 — Z)n+1

On the other hand we have

ijo Ak+2hM(j)Zj
(1 _ Z)k+2

H(M,Z) =

Due to Lemma 5.4 and Lemma 5.9 we deduce for the Hilbert function of M

0 if j <t,

)= { gty o i

A routine computation gives
c+p ifj=t+1,
Ay ()= —p  ifj=t+2

0 otherwise.

Comparing the two expressions for the Hilbert series of M we obtain

c+1
> (1)t 2 = [(c+p) 2T = pZtP (1 - Z)

j=1

Now the claim on the Betti numbers follows easily.

Finally, let X ~ (¢t —1)H + (1 +c¢—p)F. We proceed similarly as in the previous
case. Unfortunately, the results are less precise.

Due to Lemma 5.4 and Lemma 5.8 we get for the Hilbert function of M

h(_)_{() ‘ ity <,
M\J) = C(k+]i:+g) —(c—p) (k}-‘rl;t-l—j) if j > t.
A lengthy computation provides
Ay () = (17" e—p) (12 ift+1<j<t+k+1,
0 otherwise.

Moreover, we already know that M has a minimal free resolution of the form
0= R(—t—n)"®R(-t—n+1)° ... 5 R(—t-1)"®R(-t)" =M —0

where 51 = hp(t) =c— (k+1)(c—p) < ¢—2 because k > 1 and p < ¢. Since M is
torsion-free as R/I(S)-module [7], Theorem 1.1 gives 8; = 0ifi > c— (k+1)(c—p)
and in particular 8; = 0 if ¢ > ¢ — 1. Hence, putting 79 = 0 we obtain for the
Hilbert series of M

no(—1)it1 i — B Ztt+i
o2y« )
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Comparison of the two expressions for the Hilbert series of M provides

n

DLy = Bja) 2t

Jj=0

k+1
k(e —p) 7! 1+ (e k+2 gt+i | (1~ 7)1
(p— k(e + E -p) i1 ( )

(p—k(c—p)Z'(1 - Z)C‘1

S (e ()

Jj=1

It follows for j > 1

—Bjy1 = —(p—k(c —p))<C; 1)

e [(01) - (o) e ()]

_ —<c—<k+1><c—p>>(°’;1

e [5)- )oY
el (5)]7)

Since we already know 1 = ¢ — (k+ 1)(c — p) and 8; = 0 if i > 31, everything is
proved. O

Remark 5.11. (i) This theorem shows in particular that the divisor class of a
reduced arithmetically Buchsbaum scheme X being a divisor on a rational normal
scroll is not uniquely determined by its degree and codimension if and only if X
is a curve, c is even and § divides d — 1. Whereas the uniqueness result might
be surprising, the non-uniqueness result has a simple explanation. Indeed, observe
that in this case p = § and that the scroll S containing X must be 5(2, 2) which
is projectively equivalent to the image of the Segre embedding of Pz x P in Pct1,
The automorphism of S(§, §) induced by commuting the factors interchanges the
divisor classes (t + 1)H + (1 — 3¢)F and (t — 1)H + (1 + £)F.

(ii) Unfortunately, in case (ii) we cannot always compute all graded Betti num-
bers. The first open case occurs if ¢ = 4,p = 2,k = 1. If ¢ < 3, then all graded
Betti numbers of the possible divisors are covered by Theorem 5.10.

As a consequence of our considerations we obtain that not for any triple (d, ¢, k)
a corresponding Buchsbaum variety, which is not arithmetically Cohen-Macaulay
but a divisor on a scroll, does really exist. The precise result is as follows.

Theorem 5.12. Suppose we are given integers d,c,k where d > c¢,c > 2,k > 1.
Write d =tc+1—p where 1 < p < c. Then there is an arithmetically Buchsbaum
variety X C Pt* of degree d, codimension ¢ and dimension k being a divisor on
a variety of minimal degree but not arithmetically Cohen Macaulay if and only if

there is a smooth such one if and only if 1 < p < T or k_]f_lc <p<e
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Moreover, if 1 < p < 7T then such a variety has a minimal free graded resolu-

tion of the form described in case (i) of Theorem 5.10.

Proof. Suppose X C P°t* is a divisor on a variety V C P°t* of minimal degree.
According to the classification of varieties of minimal degree (cf. [6]) and Proposition
2.9 V must be a rational normal scroll S = S(aq, ... ,ax). Since ag + ...+ ar = ¢,
we get by Theorem 5.10 in case (i) ¢ > (k+ 1)p and in case (ii) ¢ > (k+ 1)(c — p).
It follows that the numerical conditions in the statement are necessary. They are
also sufficient as is easily seen by Theorem 5.10.

Furthermore, if 1 < p < 7£7, then the considerations above show that

X~({t+1D)H+(1-c—p)F
unless £k = 1 and p = £. But then the only other possibility is X ~ (t — 1)H +

(1 + §)F. In this case X has the same graded Betti numbers as the varieties in
(t+1)H + (1 — 35)F (cf. also Remark 5.11). O

|

With the notation of Theorem 5.12, it turns out that in case 1 < p < 5

we have m(X) = [4] + 1. Hence, it is impossible to strengthen condition (b) in
Theorem 4.5 as it was asked in Remark 4.6.
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